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The dengue virus is a serious infectious disease that can be found in many regions
of Southeast Asia. There exist four serotypes of the virus. Recovery from one serotype
produces a natural immunity from that serotype. However, it also creates complexes with
a second infection and will increase viral production. This process is know as antibody
dependent enhancement (ADE). As a result, it is very difficult to vaccinate against the
disease. An optimal vaccination would have to cover all four serotypes at once. To
understand the dynamics of the disease, we will study a mathematical model for two
coexisting serotypes of the dengue virus. This is done using compartmental models based
on a system of differential equations. After analyzing the system, we will consider various
vaccination strategies for single serotypes.
The system that we study has four steady state solutions. We use various techniques
of analyzing a dynamical system such as linearization about the fixed point and using the
next generation matrix to determine the stability of the fixed points. The disease free
equilibrium (DFE) is when both serotypes die out. Stability is determined by the basic
reproduction number, R q, which is the number of secondary infections brought on by one
infective in a susceptible population. When R0 is less than one, the DFE is stable, and it
is unstable when R q is greater than one. The system also has two boundary equilibrium
where only one serotype will persist at a time. We use similar methods to find regions of
stability for these fixed points.
The fourth steady state solution is the endemic equilibrium where both of the serotypes
persist. This fixed point cannot be written in a succinct closed form, so other methods
are used to analyze its stability. Using symmetry, we reduce the system to four equations.
Using asymptotics and numerical techniques, we approximate the stability of the endemic

equilibrium and show that it goes through a Hopf bifurcation. Using the parameters for
Dengue, it can been shown that the endemic equilibrium is stable and then after the Hopf
bifurcation experiences oscillations. Thus, the disease is always persisting.
We then model vaccination strategies to find if we can make the DFE stable. For ex
ample, if we vaccinate one hundred percent of the susceptible population against serotype
one, then the system will behave as if only serotype two exists. We find a new reproduc
tion number to determine when the existing serotype will persist and when it will die out.
Another vaccination strategy is to partially vaccinate against one of the serotypes. Due
to the ADE factors in the system, vaccinating partially against one serotype will never
allow for the second serotype to die out. The final vaccination strategy that we consider
is partial vaccination against both serotypes. We find conditions on the percentages of
the population that should be vaccinated against each serotype to have the disease die
out.
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1

In tro d u ctio n

Advances in science and medicine have allowed for the eradication of numerous diseases
such as measles, rubella, and polio in highly developed countries. However, in underde
veloped countries many of these diseases still persist. One disease in particular, dengue,
is a serious endemic viral infection transmitted by mosquitoes, specifically Aedes aegpti
[8]. The disease can be found in Africa, the Americas, and Southeast Asia. Mosquitoes
carrying the dengue virus have even been found in parts of the United States [8]. The
World Health Organization states that approximately 2.5 billion people are at risk for
dengue and 50 million cases are reported each year [15]. For instance, it is so widespread
in Thailand that most people catch two serotypes of the dengue virus before the age of 10.
Infection of the dengue virus can result in Dengue Fever (DF) which has flu like symp
toms including fever, headache, pain in muscles and joints, and rash. The dengue virus
could also result in Dengue Hemmorhagic Fever (DHF) which is more severe than DF. Its
symptoms are high fever, enlargement of the liver, convulsions, and possible circulatory
failure [15]. Even though medical treatments for the most severe cases of the disease are
effective, dengue is still one of the leading causes of mortality in children in Thailand [16]
and the rest of Southeast Asia.
Dengue currently exhibits four coexisting serotypes. Once a person is infected and
recovered from one serotype of the dengue virus, they have immunity from that serotype.
However, the antibodies the body develops for the first serotype will not counteract a
second infection. In fact, due to the nature of the disease, the antibodies developed
from the first infection form complexes with the second serotype. As a result the virus
can enter more cells increasing viral production. This process is known as antibody
dependent enhancement (ADE) [14]. It is also believed that a second infection can result
in a more severe symptoms [13]. The complex nature of this disease make it very difficult
to implement a vaccination strategy. An optimal vaccination would need to cover all four
strains of the disease at once.
In this paper, we will look at the dynamics of antibody dependent enhancement factors
in disease spread. Specifically a mathematical model for a disease with two co-circulating
serotypes. This is done using compartmental models based on systems of differential
equations that were introduced in Ferguson et. al, [7]. Using recent data for the dengue
disease in Thailand, we follow the parameter assignments from Cummings et. al [4]. In
section 2, we will begin by looking at the classic model for a one serotype disease. From
this model we will build a set of seven differential equations for a two serotype disease
without ADE in section 3. In section 3.1, parameters for the ADE factors will be added
to the model in which we will begin to analyze the stability of the system. The model has
four steady state solutions that we are concerned with. The first steady state analyzed is
the disease free equilibrium in section 4. In this state, both serotypes of the disease die
out. By applying standard dynamical systems analysis of linearizing the system about the
fixed point, we are able to determine the stability of the DFE analytically. The stability
will also be determined by analyzing the next generation matrix and calculating the basic
reproduction number. We will continue to use these techniques in section 5 to analyze the
boundary equilibrium in which only one serotype persists. When both serotypes persist
is the endemic state. This is studied in section 6 . The endemic equilibrium cannot be
written in a succinct closed form so other techniques are used to examine its stability.
Specifically, in section 6.1 we use symmetry to reduce the system to four equations. A
closed form solution for the endemic equilibrium for this new system is derived in section
9

Figure 1: Flow chart for a basic SIR model without natural mortality
6.2. The reduced system is simplified even further in section 6.3 by removing the death
terms to find an approximation to the endemic equilibrium. In section 7 it is shown
that the approximation goes through a Hopf bifurcation using asymptotics and numerical
techniques.
After analyzing the model for a two serotype disease with ADE, we will look at various
vaccination strategies and their effects on the dynamics of the system. Section 8 has an
analysis of the model if one hundred percent of the population is vaccinated against
serotype one. A partial vaccination strategy against serotype one is considered in section
8.2. Due to the ADE factors, vaccinating against only one serotype will not allow for the
second serotype to die out. In section 8.3 we will analyze the full system with partial
vaccinations against both serotypes.

2

T h e B a sic S IR M od el

Before analyzing a system with two cocirculating serotypes, we will first look at a simpler
model for only one serotype. Following the work of H. W. Hethcote [9] we will develop
and analyze the dynamics of a basic epidemic model and a basic endemic model.
2.1

T he C lassic E pidem ic M odel

This class of epidemic models is used to analyze rapid outbreaks of a disease that occur
in less than one year. The simplest epidemic model of disease transmission includes three
categories in which a person in the population, size N, can fall into: susceptible to the
disease, infected with the disease, and recovered from the disease. These compartments
will be represented by the variables S', /, andR1respectively. This model is called an SIR
model. Disease transmission is dependent on the parameter (3 years, which is the rate of
contact between members of the population. So, (31/N is the average number of contacts
of one suseptible with infectives per unit time, and (3IS/N the number of new cases of the
disease. The rate of recovery is a years and the average infectious period is —. Figure 1
<7
shows a flow chart for this model. The basic epidemic model is given by the initial value
problem:
dS_
(3SI
5(0) = So > 0 ,
N
dt
dl_ (3SI
—<71
/ ( 0) = Io > 0 ,
(1)
dt
N
dR
al
R( 0) = R0 > 0 ,
dt
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where 5(i),/(£), and R (t) are the number of people in these compartments, and S (t) +
I( t) + R (t) = N. Dividing each compartment by N the equations in (1) by N results in
ds
Tt =
it

s(0 ) = s 0 > 0 ,
-

0

s l

( 2)

¿(0 ) = ¿o > 0 ,

= 0 si

and s(t) + i(t) + r(t) = 1 where s(t),i(t), and r(t) are the percentages of the population in
Off
the given compartment. We can remove — from the system since r(t) can be solved for
at
once s(t) and i(t) are determined. To understand the stability of this system, we need to
define the contact number, Ro , as the average number of contacts of a single infective. In
this model the contact number is the contact rate (3 times the average infectious period
so Ro — —. If the average number of new infectives, Ro, is less than one, then the
a
disease will die out. If Ro is greater than one, the disease will invade the population.
Stability can also be determined by finding the fixed point of this system. Setting
ds
di
— = 0 and — = 0 gives a fixed point of (s*, 0). This equilibrium point implies that one
hundred percent of the population is disease free. To determine the stability of this fixed
point we need to linearize the system around the fixed point by taking the Jacobian matrix
and finding its eigenvalues. If we let
fi(s,i)

ds ~

./2 (»,*).

dt -

(3)

I

then, the formula the Jacobian matrix of this system of differential equations is:
-

------ 1

■ ¡sste
___
1

:=:

~/3i —(3s
(3i (3s —a

(4)

The Jacobian matrix for (2) evaluated at (s*,0) is:
0 -(3s* '
0 (3 s* -a

(5)

The two eigenvalues of this Jacobian are 0 and (3s* —a. A fixed point will be stable when
all of the eigenvalues of the Jacobian are negative. Thus, the fixed point (s*,0) will be
stable when s* < ^
or R qs* < 1 and unstable otherwise.
It can be shown that if s* <
i(t) will decrease to zero. If s* >
i(t) will increase
to a maximum and then decrease to zero as seen in Figure 2 . We can find this maximum
value by solving the differential equation:
di
ds

%

Pis —ai
—Pis

a
Ps

^

( 6)

with initial conditions s( 0 ) = so and ¿(0) = zq to get
i(t) = -jj In s(t) - s(t) + z0 + s 0 - ^ In s0.

11

(7)

Figure 2: A solution to the SIR epidemic model with ¡5 = 1.5, a = 3, and initial conditions
of s(0) = 0.95 and ¿(0) = 0.05.

Figure 3: Flow chart for a basic SIR model with natural mortality.
To find where the maximum value occurs we set ^ = 0 and find that the maximum will
occur when s(t) — |
Thus,
*m ax

In(RoSo)

— ¿0 + So

Ro

Ro

( 8)

By taking the limit of i(t) as t approaches infinity, it can also be shown that s(t)
decreases to the limiting value Soo where s Q0 is the unique root in the interval (0 , of
+ so —Soc H— In

= 0.

7

(9)

Note that Sinf ty is implicitly defined and depends on the initial condition.
2.2

T he C lassic E ndem ic M odel

As opposed to the epidemic model, an endemic model is used to describe the behavior
of diseases over long periods of time. It allows for a regeneration of susceptibles through
recovery or birth. The mathematical endemic model is similar to the epidemic model,
except this model includes natural dynamics such as birth and death. The contact rate
is still ¡3 and the average infectious period is adjusted t o ------ , where ¿x is the birth rate
<J + H
12

which is equal to the death rate, allowing the population to remain constant. A flow chart
for this model is shown in figure 3. The system of equations for this model is given by:
dS
M —nC
— = fijV
S

$—
S1

S{ 0) = 5 0 > 0 ,

dl
pSI
a I —fil
dt
N
dR
—:—= crl — 11R
dt
^

1(0) = Jo > 0 ,

( 10)

R(0) = R0 > 0.

The population size is constant, so as before S (t) + 1 (t) + R(t) = N . Dividing the variables
by the population size N and changing the variables results in
ds

—

s(0 ) = s0 > 0 ,

= [i - [is - Psi

( 11)
di
— = Psi —ai —[li
¿(0) = ¿o > 0,
dt
with r(t) = 1 —s(t) —i(t).
This system has two fixed points: (1,0), the disease free equilibrium (DFE), and

( a + Ll /-*(/? ~ a ~ l*)\
V

P

’

P((J +

/jl)

)

which is the endemic equilibrium in which the disease persists. The Jacobian matrix for
the endemic model is:
—Pi —
—Ps
(13)
Pi
Ps —a —fi
The Jacobian evaluated at the disease free equilibrium is:
-H
0

-p
P —a —fi

The eigenvalues of the Jacobian evaluated at the disease free equilibrium are —p, and
P ~ fi —a. This fixed point will be stable when the eigenvalues are negative. Assuming all
of the parameters are non-negative, the DFE will be stable when P < a + [i or JL; < L
Here, the contact rate is Ro =
so the disease free equilibrium will be stable when
Ro < 1.
The Jacobian matrix evaluated at the endemic equilibrium is:
—a —fi
fj,(-P+a+n)
cr+H

0

(15)

The eigenvalues of this matrix are:
- fip ± y/^i(p2fi -I- 4(a -f ¡i)2(-P + a + /i)
2(a + P)

(16)

When P —fi —a > 0 these eigenvalues will be a complex conjugate pair with negative real
parts. So, the endemic equilibrium is a stable spiral sink when -^L > 1. In other words,
the disease will invade the population when R q > 1.
Figures 4 and 5 show how solution will converge to the DFE if R q < 1 and spiral to
the endemic equilibrium when Ro > 1. We can see from Figure 6 that in this model there
is a transfer of stability or more specifically a transcritical bifurcation at R q — 1.
13

Figure 4: For Ro = 0.5 solutions of the endemic system converge to the disease free
equilibrium.

Figure 5: For Ro = 3, solutions will converge to the endemic equilibrium. It can be seen
that the fixed point is a spiral sink.

14

Figure 6: The transcritical bifurcation diagram for the SIR endemic model shows that
there is a transfer of stability at R q — 1.

Figure 7: Flow chart for a two serotype model

3

T he Full M o d el For a T w o S ero ty p e D isea se

In the cases with more complicated diseases, there may be more than one serotype or strain
of a disease. Here we will examine a system involving two co-circulating serotypes. The
population affected by the disease can be compartmentalized into categories, where s is the
percent of the population that is susceptible to the disease, ij is the percent infected with
serotype j but still susceptible to the other serotype &, ry represents the those recovered
from serotype j, ijk is the percent of the population previously infected with serotype j
and now is infected with serotype k , where j — 1,2 and k = 1,2 whenever i ^ k. See
Figure 7 for a flow chart of the movement an individual through these compartments. We
will assume recovery from one serotype implies natural immunity for that serotype. In
the system that we will look at, the rate of transmission of strain j is /3j. The recovery
rate from either serotype is cr, and ¡i is the natural death rate which we will set equal to
the birth rate. Since the total population will be constant, we have the relationship
s + ¿1 + ¿2 +

+ ?~2 + ¿12 + ¿21 + T f i n a l = 1-

(1 7 )

Thus, we will not need an equation to represent compartment r ^ na/, which represents
a final recovery from both serotypes. All parameters and variables are assumed to be
15

non-negative.
A person can only enter the susceptible compartment through birth at a rate of ¡jl.
They can then leave the susceptible compartment by coming in contact with someone
who is infected with serotype one at a rate of (3\si\ or with someone who is infected with
serotype two at a rate of # 2S*2- A susceptible could also be infected by someone who has
had serotype one and now has serotype two at a rate of P2sii 2 or the reverse at a rate of
#is*2i- The term /is is the removal by natural mortality, which is equally probable in all
groups since dengue is not significantly life threatening with proper medical treatment.
The differential equation for the rate of change of the susceptible percent of the population
is given by:
ds
— = // - Pisil - p2Sl2 - #25*12 - #15*21 - ¿*5.
The differential equations for the rate of change of the percent of the population with
a primary infection with strain 1 or 2 are:
di\
= Pisii + P\si2i - aii ~ ¿**1
dt
di2
=
#25*2 + #25*12 ~ CT*2 — ¿**2dt

(19)
( 20)

A person can contract a primary infection of serotype j if they were a susceptible that
came into contact with someone infected with that strain at a rate of Pjsij or PjsikjA person can leave the primary infection compartment through recovery and enter the
primary recovered compartment at a rate of aij. They could also leave the infected
compartment by natural death at a rate of fiij.
The rates of change of the percent of the population that have recovered from a
primary infection are given by:
dr\
dt
dr2
dt

aii ~ # 2*"1*2 - # 2*"l*12 - /**"i

( 21)

ai2 - #i*"2*i ~ #i*"2*2i - ¿*r2.

( 22)

A person can enter compartment rj by recovering from serotype j. They could leave
the compartment by natural death at a rate of /*r7. One could also leave the primary
recovered compartment by coming in contact with someone who is infected with serotype
k at a rate of (3krjik or PkrjijkThe rate at which one leaves the primary recovered compartment through infection
is also the rate at which at which they enter the secondary infection compartment, ijk.
The only way to exit one of these compartments is through recovery at a rate of aijk or
natural death at a rate of fiijk- The differential equations for secondary infections are:
di21
dt =
dii2
=
dt

#1 *"2*21 + # 1*"2*1 ~ ^*21 ~ ¿**21

(23)

# 2*"1*12 + # 2*"1*2 —Cr*12 —¿**12-

(24)
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Therefore, the full system for a two serotype disease is:
ds
dt
di I
dt
di 2
dt
dr I
dt
dr2

=

-

p2SÌ2 - p2Sl\2 - (d\si2\ - liS

= Pisii + Pisi2\ —aii —fih
=

P2SÌ2 + P2SÌ12 - a i2 - [ih

=

a i l ~ /?2*T*2 ~ P 2 r\i\2 ~ fir i

=

a i2 - p ir 2i\ - P ir2Ì2i ~ /ir2

dt
dÌ2i
=
dt
di 12
=
dt
3.1

l i - Pi si i

(25)

P\r2Ì2\ + P iT2Ì\ ~ aÌ2i - l±Ì21

P2nil2 + p2TlÌ2 - ail2 - liil2-

T h e Full S y stem w ith A n tib o d y D ep en d en t E nhancem ent

The model that we will analyze involves two co-circulating serotypes of the dengue virus,
which is the two serotype version of the model in Cummings et. al [4]. This model does
not specifically include the population of mosquitoes, because we assume that the short
length of time in which viruses could be maintained in the mosquito vector in the absence
of human infections (less than 2-3 weeks) would not significantly impact our model. Other
papers such as Esteva and Vargas [6] include the mosquito population explicitly, and the
analysis was similar to our results. In contrast, Ferguson et. al [7] includes a background
force of infection through stochastic perturbations, which could be a future direction for
this research. Since viral production is increased during a secondary infection due to
ADE, we need to introduce a new parameter,
A person with a secondary infection,
ijk, will now have an increased probability of transmitting the disease. Therefore, we will
consider values of (¡>k greater than one. The rate of transmission of the disease with ADE
of a secondary infective is 4>kPk■The full seven-equation system for the 2-serotype dengue
model with ADE is:
ds
dt

—

/I —Pisii —p 2si2 —P 2P 2SÌ12 — P 1 P 1 SÌ2I — liS

dii

= Pisii + P 1 P 1 SÌ21 - ail - [iii
dt
di2
— P2SÌ2 + P2P2SÌ12 — ai 2 —(ii2
dt

dri

=

dt
dr2
=
dt
dÌ21

dt
din

dt

=

a i l - p2rp2 - p2P2Tlil2 - /ir I

(26)

a%2 - Pir2ii - (j)iPir2i2i - fir2
<f>lPlT2Ì21

+ P\T2Ì1 - a i21 - IIÌ21

= 02/^2^1*12 + 02*r*2 —aii2 —¡iil2-

The dynamics of this system can be analyzed by finding the steady state solutions. This
is done by setting each equation in the system equal to zero and solving for the seven
variables. There are four fixed points that we will consider.
17

4

T h e D isea se Free E quilibrium

The first fixed point is the disease free equilibrium (DFE) which is
E0 = (s,i'i,i 2, r i , r 2,zi 2,i 2i) = (1,0,0,0,0,0,0).

(27)

Analysis of the stability of the system at a fixed point can be done two ways. Stability
of a fixed point can be determined by linearizing the system to see the local behavior
around the fixed point. This is done by looking at the signs of the eigenvalues of the
Jacobian matrix evaluated at the fixed point. The eigenvalues of the Jacobian of the
system evaluated at the DFE are —/i —a (multiplicity 2), —fi (multiplicity 3), P i—fi —a,
and P2 — \i — a. The DFE is stable when all of the eigenvalues are negative. Since
all parameters are assumed to be positive, the conditions for the DFE to be stable are

Pi < 1 where ¿ = 1,2.
Pi < ¡1 + a or ------fi + a
Another method of analyzing a fixed point of a dynamical system is by computing
the reproductive ratio, R q by finding the next generation matrix. This is the expected
number of secondary infections by an single infected in a susceptible population. In order
to calculate R q, the system is rewritten so the new infections are separated from the other
changes in the population. The original system is rewritten as:
x
x

=
=

(s,ii,* 2, r i , r 2,»i2,*2i)
/¿(x) = J-(x) - V(x)

(28)
(29)

with

' 0
P is ii + (j)iPisi2i

P2SZ2 + p2p2Sll2
E =

0
0

(30)

<i>2p2r\ii2 + P\r\i2

P\P\r2l2\ + p2T2h
and

—V =

M- Pisii - p2si2 - p2p2sii2 - (j)\P\si2i - fis
—crii ~ ¡iH
—ai2 —/ii2
aii ~ P m i2 ~ p2pir 2H2 ~ Mr i
ai2 - P2 T2 h ~ <t>iP2 r ii 2i ~ pr 2
—aii2 —¡iii2

(31)

— (7221 — M?21

The vector T represents all new infectives, and the vector V is the negative of the
remaining terms in the system. The Jacobian matrices of T and V evaluated at the fixed
point are F and V, and F V -1 is known as the next generation matrix. As described by
van den Driessche and Watmough [12], we can interpret the entries of the next generation
matrix if we look at the results of a single infected that is brought into compartment A; of a
disease free population. In V -1, the (j, k) entry is the average length of time the individual
spends in compartment j. The (¿, j) entry in F is the rate at which infected individuals
in compartment j produce new infections in compartment i. Therefore the (i, k) entry
in F V -1 represents the expected number of new infections in compartment i produced
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by the original infected individual introduced to compartment k. The reproductive ratio
is defined as Ro = p(FV -1) which is the eigenvalue of largest magnitude. This is the
spectral radius of F V -1 . If the value of Ro is less than one, the fixed point is stable, and
the disease cannot invade the population. If it is greater than one, then there is potential
for invasion, and the fixed point is unstable.
The eigenvalues of the next generation matrix evaluated at the DFE are 0 (multiplicity
5) and ——— and
- . We define R{ = ——-—, so Ro = max{i?i, R 2 }. The DFE is stable
H + cr
¡1 + cr
n + <J
when Ro < 1 and unstable when Ro > 1, which is the same result as linearizing about
the DFE.

5

B ou n d ary E quilibria

The system has two other fixed point solutions, known as boundary equilibria. These equi
librium points are where only one of the diseases will persist. We can use the techniques
in section 4 to analyze the stability of the boundary equilibria which are:
Ei

a+n
Pi

E2

a + H , 0, -

02

(—pi + a +
Pi{? + V)

, 0,

t Ê l + *■+ ^
02{? + V)

cr{-/3i + <r + /i)
• , 0 , 0,0
P i(a + 11)

, 0, _

+ " + P ), o, 0
02(a + fi)

(32)
(33)

The Jacobian evaluated at E\ gives eigenvalues Ai = —/r, A2 = -V01 A3,4 = - 7 —¡1
(7 + /T
, and
A5 =
A e ,7 =

+ <r + A0
Pi(cr + n)

(f>2(rp2{~Pi

-Pit* ± V^iPiH +

(<r +

p )(P i

~ P2)

Pi

4 (c r + / i) 2 ( - f f i +

7 + fi)

2(a + ¡i)
In order for E\ to be stable, all of the eigenvalues must have negative real parts. The
R\
eigenvalue A5 is less than zero whenever R2 < ----- 7—rs—tt and R\ > 1. Eigenvalues Ar
I 1 <P2<*KKl—l)
'
cr+M
and A7 will have negative real parts when the discriminant is negative. This is the case
when Ri > 1, which is already necessary for A5 to be less than zero.
The next generation matrix evaluated at E\ gives the eigenvalues 0 (multiplicity 5),
cr + H
02(r(-P\ “ cr ~ M)
and
E\ will be stable when the absolute value of
1+
02
(^ + M)2
cr + n
the eigenvalues of the next generation matrix are all less than one. Setting
less
I T
than one implies R\ > 1 and setting the seventh eigenvalue less than one results in the
same inequality as above. As expected, the stability analysis from the next generation
matrix agree with the linearization about the DFE.
The same analysis can be done for E2 which results in an analogous inequality where
R2
E2 is stable when R\ < ----- <
j)1a{R2-i) an<^ -^2 > 1- These results agree with the analysis
^
cr+M
of Castillo-Chavez, et. al, [3] for a two strain cross immunity model.
The graphs in Figure 8 show the regions of stability for the fixed points Eo, E\, and
E2 for /i = 0.02, a = 100 as f3\ and /32 change and for different values of 0.
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R1

Figure 8: The regions of stability for E q,E \, and E 2 for different values of Ri and R 2 .
The top left has 0i = 02 = 0. The top right figure has 0i — 0.2, 02 = 0.4. The bottom
figure has 0i = 1.5, 0 2 = 2.
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In the case where fa ~ fa, which is on the line of top left graph in Figure 8 , it can
be shown that the boundary equilibria, E\ and F 2, are never stable. When fa = fa,
-faa(3{-(3 + a + /r) Thig win be negative when
À5 of the Jacobian matrix simplifies to
ß(a + fa
ß
< 1. However, Xq can only be attracting if its discriminant
-ß + a + n > 0 , or
a + fi
is negative. This is only possible if —(3 + a + fi < 0, contradicting the result from A5.
Therefore, it is never possible to have all seven eigenvalues attracting making E\ a saddle
and never stable when it exists. A similar contradiction occurs when examining the next
generation matrix at these boundary equilibria. The eigenvalues of the next generation
faerj - ß + a + fa
matrix evaluated at E\ are 0, ^ ^ , and 1
For the fixed point to be
(a + fa 2
stable —

P

must be less than one, however when this is true, 1 — - 2..will
(0

+ fa 2

not be less than one. So, this analysis also shows that E\ can never be stable whenever
fa = fa, and similarly for E 2 -

6

T h e E n d em ic E quilibrium

The fourth fixed point for the full model of the two serotype disease with ADE that we will
consider is the endemic equilibrium. In this case, both of the serotypes persist. Solving
for this fixed point in a succinct closed form cannot be done. We can numerically analyze
the stability of the endemic equilibrium using the Dengue parameters ¡3 = 400, a = 100,
and ¡i = 0.02. Varying the ADE factor 0, the bifurcation diagram in Figure 9 shows
that the fixed point is stable, then goes through a Hopf bifurcation around 0 = 2.6 and
then experiences oscillations and other behaviors. We can begin to analyze the endemic
equilibrium by approximating the system with a reduced model.
6.1

T he R educed M odel

As a starting point, we can simplify the system assuming the contact rates are the same,
fa = fa, and the ADE factors are the same, (¡>\ = fa. As a result the two strains will act
the same so we can set i\ = ¿2 = i, r\ = r2 = r, and ¿12 = ¿21 = j- By doing this we get a
reduced model which is:
ds
dt
di
dt
dr
dt
fa

dt
6.2

=

fi —2ßsi —2ßßsj —fis

— ßsi + <f>ßsj —ai —fa
(34)
=

ai —ßri —ß ß rj — fir

= fißrj + ßri - a j - fij.

C losed Form S olu tion

It is possible to find a solution to the reduced model in closed form by reducing the
system to an equation with a single variable A. Following the methods of Abu-Raddad
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Figure 9: A bifurcation diagram for the endemic equilibrium as a function of (f> (ADE).
The endemic equilibrium is stable until 0 « 2.6 and then goes through a Hopf bifurcation
to oscillations and other behaviors.
and Ferguson [1], we substitute
ß
cr + ¡1

and e =

(* + 4>j)

(35)

A* into the reduced system resulting in:

(T + fJL

ds
dt
di
dt
dr
dt

(1 —s)e — 2sA

(36)

sA —i

(37)

eri —r A —er

(38)

a

rA - j.

(39)

dt

To solve for the fixed point in terms of A we set each equation equal to zero and get
(S,Z,r,J)

e
eA
(1 —e)eA
(1 —e)eA2
Ve + 2A’ e + 2A’ (e + A)(e + 2A) ’ (e + A)(e 4- 2A)

(40)

Substituting i and j into (35) we get a single equation with one variable,
A —R q

eA
e T 2A

^>(1 —e)eA2
(e T A)(e T 2A)

(41)

This equation can be written as a quadratic
2A2 + (3e —gR q —(¡)6.Rq —0e 2i?o)A T e2(l —R q) —0
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(42)

susceptibles

Figure 10: Time series showing s ,i,r , and j converging to their respective fixed point
solution when p = 1.2, /3 = 400, a = 100 and ^ = 0.02.
and the solutions can be written as:
^ _ —(3e —eRo — peRo —(f)e2Ro) ± y j(3e —eRo —peRo —P^2R q)2 —8e2(l —R$)
4
'
(43)
This value of A has only one positive solution, which we can use to find the fixed point
of the reduced system for different parameter values. Using MAPLE, we can numerically
support our solution by plotting a time series for each variable. Using the values (j) =
1.2,/? = 400,(7 = 100 and ¡i = 0.02, the graphs in Figure 10 show that over time each
variable will converge to its fixed point value.
6.3

N o n -M ortality A pproxim ation

It is possible to get the symmetric equilibrium in a more compact closed form if we remove
the mortality terms from (34). Without the mortality terms the reduced system becomes
ds
dt
di
dt
dr
dt
ÿ

dt

= (i — 2/3si —2(f)/3sj
— Psi + (¡)/3sj — ai
(44)
= ai —(3ri —4>Prj
= <j)(3rj + (3ri —a j
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absolute error
absolute error

Figure 11: From top left to bottom right, the graphs show the difference in values of s, 2, r,
and j for the reduced system with mortality and the reduced system without mortality.
and its fixed point solution is
(
°
a
\ß((f) + 1) ’ 2cr’ ß(ß + 1) ’ 2cr) '

(45)

For different values of 0, we can numerically compare the fixed point solution for the
system with no mortality with (40) to see that the values are relatively close. Figure 11
shows the difference in the values for the fixed points (40) and (45). For the variables s
and r the maximum difference is 1.8 x 10-3 and for the variables i and j the maximum
difference is 9.4 x 10~5 as shown in Figure 11.

7

T h e H o p f B ifu rcation

It is possible to approximate where the stability of the symmetric equilibrium changes
using asymptotics following the work of Schwartz, et. al [11]. In fact, it can be shown
that a Hopf bifurcation occurs. Since it was shown at the end of the previous section
that the reduced system with mortality and without mortality were close, we will use the
system without mortality. Because fi is a small parameter we can rescale the parameters
of ¡3 and a. By letting /3 = ~ and a = ^ into 44 we get
ds
dt
di
dt
dr
dt
dt

0/% - o ,A) .
[i
n
ßo . . I ßo . &o.
— SI + <p— s j ---------1
fl
n
11
0
0
.
ßo
.
,
ßo
.
— i --------- n — (p— r j
fi
[i
\i
,ßo . , ßo . 0 o .
<p— r j H------- r i --------- j .
fi
fi
fi
—2— si —2(p— sj
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(46)

The fixed point solution of this system is
00
0*0
Xf30(<t, + i y 2a0' Î30(à + i y 2aa

(47)

In order to examine stability, we need to evaluate the Jacobian matrix of the system at
the fixed point solution and find the eigenvalues from the characteristic polynomial which
is:
F (z) = a±z4 + a^z3 + a^z} + a\z + ao
(48)
where the coefficients are:

+ <t>f

ao

PoK<l> + l )2 + *000

a\

(To
H
PoH2{(j>-1- 1)2 A)(40 + 5)

«2

2al

03
04 =

(49)

2

3{3pn((f) + 1)

oo

2cr0

[i

1.

We can rescale the function F{z) by multiplying through by /i to get:
F(z) = nF{z)

(50)

since the coefficients of a\ and 03 are of order -7.
The solutions to (50) are of the form
z(fi) — zq T z i /j, + Z2 /J2 + 0 (/i3).

(51)

By substituting (51) into (50) and setting fi to zero, we find that the zeroth order solution
has to satisfy ctozo(zq T Po) = 0 . The solutions for zq are 0 , —y/—Po, V~Po- This shows
that there is a complex conjugate pair of eigenvalues. Since the real parts determine the
stability we must continue to the first order and find z\. Substituting z = zq + zi/i into
50, differentiating with respect to /i, and letting ^ = 0 gives:
2 ±2

4 . 5Pozo . P
+ o<t> + Po^ — 0.
yPo + Povozi + 2^o^o0 + 3aoZoZ! + z0 +

When zq = 0 we get z\ =

2cr0

(52)

Thus Ai is always negative. When zp = ±\fPoi,

A ) ( - 2 - 2 0 + </>2)
. This results in
z\ — —
4cr0
^2,3 =

/?o(—2 —2</>+ 0 2)
± y/Poi4(To

(53)

The real part of the eigenvalues determine stability of the fixed point. The fixed point
will be stable when
- 2 —20 + (¡)2 < 0.
(54)
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Figure 12: A comparison of the eigenvalues of the reduced system without mortality using
asymptotics and with mortality using numerics. Where the curves change from negative
to positive is where the Hopf bifurcation occurs.

Figure 13: A plot of the absolute errors of the approximations of the real parts of the
eigenvalues for the reduced system with mortality and without mortality
Since 0 > 1 the stability of the symmetric equilibrium changes approximately at 0 =
1 + \/3 ~ 2.73205 from stable to unstable. Figure 12 compares where the Hopf bifurcation
occurs using asymptotics with a numerical plot of eigenvalues of the reduced system with
mortality in section 6.1. The Hopf bifurcation occurs where the graphs cross the 0-axis,
and it can be seen in the figure that the two approximations for 0 are very close. The
solid curve is a plot of —2 —20 + 0 2 = 0 scaled by a factor of
It crosses the axis at
0 = 1 + \/Z. The dashed curve is a numeric plot of the eigenvalues of (34) using (40) as
the fixed point with parameters ¡3 = 400, a = 100 and ¡i = 0.02. This curve crosses the
axis at approximately 2.628855 with an error of 10-5 . Figure 13 plots the absolute error
between the two approximations. For values of 0 between one and five the absolute error
has upperbound of 0.16 x 10-3 .
The value of 0 for which the Hopf bifurcation occurs in the full seven equation system
can be numerically approximated for using MAPLE. First we will take the case where
01 = 02- Substituting Pi = /?2 = 400, a = 100, and ¡jl = 0.02 into (26) we can find
the eigenvalues of the Jacobian matrix at the endemic equilibrium for different values of
0. The Hopf bifurcation will occur when the real parts of the eigenvalues change from
negative to positive. Once the two values of 0 that the bifurcation occurs between is
found, using a bisection method we can find a better approximation. For 0i = 02 , the
Hopf bifurcation occurs approximately at 0i = 02 = 2.628855 with an error of 10~5.
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Figure 14: The curve shows where the Hopf bifurcation occurs in the full system for
different values of 0i and 02 - Below the curve, the endemic equilibrium is stable. Above
the curve, it is unstable.
In the case where 0i 0 2, we can keep 0 1 fixed and use a similar process to find the
value of 02 at which the Hopf bifurcation will occur. This can be done for different values
of 0i. Figure 14 shows a curve that approximates the values of 0i and 02 where the
bifurcation will occur with an error of 10~4. Below the curve in Figure 14 the endemic
equilibrium is stable, then goes through a Hopf bifurcation on the curve and becomes
unstable above the curve.
The top graph in Figure 15 is a time series for the susceptible population for 0 = 2.63
illustrating that there are oscillations after the Hopf bifurcation. A time series of primary
infecteds for both serotypes is shown in the bottom graph of Figure 15. It can be observed
that an outbreak of one of the serotypes is quickly followed by an outbreak of the other
serotype. This is a result of the ADE factor.

8

T h e full sy stem w ith vaccin ation s

Now that we have constructed and analyzed the full system with ADE, we can modify it
to see how it behaves if we implement various vaccination strategies.
8.1

C om plete vaccin ation against one serotyp e

We will begin to look at vaccination strategies by examining the full system (26) if one
hundred percent of the population were to be vaccinated against the first serotype. A
person vaccinated against serotype one will behave as if they have recovered from that
strain. So at birth, when the population would be vaccinated, they would be placed into
a new compartment r\ which is the percent of people vaccinated against serotype one.
Having been vaccinated against serotype will have a similar effect as being infected with
and recovering from serotype one. See Figure 16 for a flow chart of the movement of this
model. Therefore there is a new parameter 9 similar to the ADE factor 0* from before.
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Figure 15: The top figure is a time series showing oscillations in the susceptible population
after the Hopf bifurcation at (J) = 2.63. The figure below are time series of the primary
infecteds of serotype one, in black, and the primary infecteds of serotype two, in gray
after the Hopf bifurcation. Notice the periodic behavior of the graphs and the alternating
outbreaks.

|L l

Figure 16: Flow chart for full system with one-hundred percent of the population vacci
nated against serotype one.
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Figure 17: For Rov = 0 .5 solutions to the one hundred percent vaccinated system will
converge to the DFE.
Since one hundred percent of the population is vaccinated against the first serotype, there
is no compartment for first or seconded infectives for serotype one. The only additional
compartments that a person in the population can fall into is infected with serotype two
after being vaccinated against one, i\2, and rfinai■ An equation for r ^ na; is not needed in
the system because the population is still assumed to be constant. The full system if one
hundred percent of the population is vaccinated against the first serotype becomes:
dv*
^ -

Hi*
U,L\2
- jj-

df32r \ i\ 2 - v r{

no*-*
■*
•*
— 6P2ri%i2 ~ &ll2 —W w

(55)

This system has two fixed points which are M .f c ) = (1,0), the DFE, and
/*. *x
/ <7 + // Ai(0/?2 —cr —fi)\
\ri i li 2 ) = ( ~TTo— j —TTol------ \— I • To analyze the stability of these fixed points, as
0(32

Q(h{cr + fi)

before we must linearize about them using the Jacobian matrix of the system which is:
Ofarl
*12^2 A*
i*l20p 2
OP2r{ - a - n

(56)

The eigenvalues of the Jacobian evaluated at the DFE are —¡i and 9(32 —a —¡i. The DFE
will be stable when these eigenvalues are negative. The second eigenvalue will be negative

Q

when Ro = ------- < 1. The value Roi: is the reproduction number for this system.
<J+ /i
The eigenvalues of the Jacobian matrix evaluated at the second fixed point are
—pOfa ±

+ 4(q- + /j,)2(-6(32 + &+ Ap
2 (cr + 9P2)

(57)

The second eigenvalue is always negative. The first eigenvalue will have negative real part
when
> 1.
(58)
cr + ¡i
Figure 17 shows that if Rov = 0.5 < 1 solutions will converge to the DFE and Figure
18 shows solutions spiraling to the endemic equilibrium for R qv = 3 > 1. At
= 1
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Figure 18: For R qv = 3 solutions for the one hundred percent vaccinated system will spiral
towards the endemic equilibrium.
there is transfer of stability, more specifically a transcritical bifurcation, between the two
fixed points of the system shown in Figure 19. This model is very similar to the basic SIR
model studied in subsection 2.2 except the parameter (3 has been replaced with 9/328.2

P artial vaccin ation against one serotyp e

Let us consider the model if only a percentage of the population is vaccinated against
serotype one. Let v be the percent of the population vaccinated against serotype one. Now
instead of one hundred percent of the population entering the susceptible compartment,
(1 —v) percent will enter the susceptible compartment and v percent of the population
will enter a new compartment r^. This compartment represents the percent of people in
the population that have been vaccinated against the first serotype. A new compartment
i\2 is also required for the percent of the population that has been vaccinated against
serotype one, but is currently infected with serotype two. Movement for this system is
shown in a flow chart in Figure 20.Now the susceptibles will enter at a rate of (1 —v)/i.
They can exit this compartment as before, by coming into contact with an infective. Now
there is an extra negative term, since a susceptible,«, can come in contact with a person
that has been vaccinated against one but now has two. If this is the case, a susceptible
will leave the compartment at a rate of 9(32si\2, where /% is the contact rate and 6 is the
ADE factor brought on by the vaccination.
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x 10“4

Figure 19: The two serotype system with one hundred percent of the population vacci
nated against serotype one goes through a transcritical bifurcation at R q6 = 1.

Figure 20: Flow chart for a two serotype model with partial vaccination against serotype
one.
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The full system for partial vaccination against serotype one is:
ds
(1 - v)n - Pisii - /32si2 - (f>2p2sii2 - 4>iPisi2\ - 9p2si\2 ~ fJ-s
dt
di\
Pisii + (f)iPisi2i — ai\ ~ 1
dt
di2
P2si2 + (f)2(32sii2 + 9p2si\2 ~ 0*2 ~
dt
dr\
aii ~ fo rii2 - </>2/?2n * i 2 - 9p2r iil2 - ¡xr\
dt
dr2
ai2 - Pir2ii - (¡)iPir2i2i - [ir2
dt
dr l
v /j,- fo fo r liu ~ / V i *2 ~ Ofar^iu - [ir\
dt
di\2
fa fc r iin + P2rii 2 + Op2r ii\2 - a ii2 - fii12
dt
di 21
(frlftl^2*21 + Pi^2*1 —CT*21 ~ ^*21
dt
di\2
# 2»*i*2 + (t>2p 2 r \il 2 + 0p2r\i*i2 - ¿7212 “ ^ 12’
dt
The DFE of the system with partial immunity is:
(s, ¿i,z2, n , r 2, rj, ¿12, ¿21, *i2) == (1 —v, 0 , 0 , 0 , 0 , v, 0 , 0 , 0 ).

(59)

(60)

The eigenvalues of the Jacobian matrix evaluated at the DFE are: —fi — a (multiplicity
3), —/i (multiplicity 4), /?i(l —v) —a —//, and 0p2v + P2{\ —v) —// —a.
The eigenvalues of the next generation matrix for the DFE are 0 (multiplicity 7),
M l u O and
¡1 ~\~a

+
a + ¡i

(6i)

In order for the DFE to be stable, the eigenvalues of the Jacobian matrix must be negative
or the eigenvalues of the next generation matrix are to be less than one. Both of these
a + ii
conditions require that (1 — v) <
These statements can
and (9v -f 1 v) <
#T
Pi
1
1
also be written as Ri <
and R2 <
, where are Ri and R2 are the same
1 + v ( 9 - 1)
-1
1------------te
as in section 4. This implies that 1 -----<v < 2
9 -1
Ri
In studying vaccination strategies, we are assuming that either one of the serotypes or
both are invading the population. Consider the case where only serotype one is persisting.
From section 5 we saw that if this were the case Ri > 1 and R 2 < 1. The DFE for the
vaccinated system will be stable if Ri <
and R 2 < 1. If these hold, then serotype one
will die out. However, if only serotype two is invading the population, this vaccination
strategy will not allow for serotype two to die out. In order for the population to converge
to the DFE, R2 needs to be less than one. But if serotype two is persisting, R2 is greater
than one. Therefore serotype two can never die out if there is a partial vaccination against
serotype one. A similar argument can be made if we are in the endemic state. A partial
vaccination against serotype one, will not allow for the second serotype to die out.
This system two other fixed point where only one serotype persists at a time. These
two fixed points are: ( f f i ,
, 0,
, 0 >v, 0 , 0 , o) and
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Figure 21: This bifurcation diagram shows that at approximately at v = .7838, the
endemic equilibrium changes from stable to unstable. However, serotype two does not die
out after the endemic equilibrium loses stability.
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where w — 1 + Ov — v. Using the parameters A = fh = 400,01 = (f)2 — 0 — 1.2, a =
100 and [i — 0.02, we can numerically analyze the stability of the DFE, the boundary
equilibria, and the endemic equilibrium. Linearizing the Jacobian about the DFE shows
that the DFE will be unstable for these parameters. Also, the boundary equilibrium
where only serotype one persists will always be unstable. However, there is a transfer of
stability between the boundary equilibrium where serotype two persists and the endemic
equilibrium. For these parameters, this will occur when the vaccination percentage is
approximately v = .7838 as shown in Figure 21. Regardless of the percent vaccinated
against serotype one, serotype two will never die out. Due to the symmetry of the system,
the same results will occur if there is a partial vaccination against only serotype two.
8.3

P artial vaccin ation against tw o serotyp es

It was shown in section 8.2, there is no way to vaccinate against one serotype to make the
other serotype die out. Here we will consider partial vaccination against both serotypes.
Let v\ be the percent of the population vaccinated only against serotype one and let
V2 be the percent of the population vaccinated only against serotype two. Also, let v\2
be the percent of the population vaccinated against both serotypes. The percent of the
population that is not vaccinated at all and susceptible to either strain is 1 —vt , where
vt = v\ + V2 + V\2 ■ Here we will assume that the entire population cannot be vaccinated
against both serotypes at the same time so v \2 = 0. The non-vaccinated population will
enter the susceptible compartment at a rate of (1 —vt )h ■ A new compartment must be
created for those vaccinated against the second serotype. This will be just as r\ is the
percent of the population vaccinated against serotype one in section 8 .2. A member of the
population vaccinated against serotype j will move into compartment r* at a rate of Vjfi.
A compartment for the percent of the population vaccinated against both strains is not
needed since they will move directly to rfinai. An additional compartment,
for the
percent of the population vaccinated against serotype two but is infected with serotype
one is needed. The ADE created from the vaccine for serotype j will be Oj.
The system of differential equations for two serotype disease with partial vaccination
against both serotypes is:
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J^(1 -V r)

Figure 22: Flow chart for the two serotype model with partial vaccination against both
serotypes
ds
dt
di\
dt
di2
dt
dr\
dt
dr2
dt
dr\
dt
dr2
dt
dii2
dt
di2i
dt
di\2
dt
di2\
dt

dr final
dt

- VT)fJl - Pi si I - p2si 2 - (f>2p2Sil2 - <t>lP\Si21 ~ 02P2si*
12 ~ OlPlSl2i “ A*s

=

(1

=

Pisil + (f>iPisi2i + Oifhsili - ah - m

=

P2 Sl2 + P2P2SI12 + 02p 2 si *l2 ~ <7 l 2 - fli 2

=

a il ~ p2r\i2 ~ (t>2p2r\i\2 ~ fo fo r iiu - [ir\

=

o %2

=

v \ i i - p2P2r \ iX2 - P2r\ i 2 ~ 02p2r\i\2 - nr{

=

v 2/r - (J)iPir2i2i - P ir2i x - 01p 1r2i21 - fir2

=

(f>2p2nii2 + f o r ii2 + 02p2n i \ 2 - a i\2 - fj,ii2

=

(¡>iPir2i2i + P ir2ii + 0\P \r2i2l - a i 2 1 - [ii 2 1

=

P2 ^ i 2 + p 2 p 2 r \ i \2 + 02p2r \ i \ 2 - ai*l2 - n i\2

=

Pir^h + <t>iPir2i2i + 0 ip ir 2i21 - a i21 - fii21

=

V \ 2 [l + <7(212 + *21 +

-

P\r2i\

-

<\>\fi\r2i2\ - 6 iP ir2i*2\ - ¡ir2

*12

+ *21) - fj-rfinal.
( 62 )

The last equation for r ^ na/ is not required for solving for the equilibrium points, since we
are assuming that the population will remain constant. In other words,
s + 21 + i 2 + t~i + r 2 + r* + 7*2 + ¿12 + 221 + 2j 2 + *21 = 1-

(63 )

The DFE for this system is:
(s,2i,22,ri,r 2,ri,r2 ,2 12,*2i,*i2,*2i) = (1 - vr, 0,0,0,0, id, v2, 0,0,0,0).

(64)

The eigenvalues of the Jacobian matrix of this system evaluated at the DFE are:
—¡i —<7 (multiplicity 4), —¡i (multiplicity 5),
Pi [(1 -

vt)

+ v20\] -

0

- /*, and
34

p2[( 1 -

vt)

+ 1*102}~ a - fi.

(65)

- 8.8

time (years)

Figure 23: A time series for the primary infectives. At t = 100 the vaccinations are
implemented with v\ = v2 = 0.25. The number of primary infections decrease, however
they do not die out.
The DFE will be stable when all of these eigenvalues are negative
last two eigenvalues to be negative (1 —vt ) <

Pi

In order for the
a+y
^ —v20\ and (1 —vt ) <
v\02
P2

must hold.
Evaluating the next generation matrix of this system at the DFE yields the same
results. The eigenvalues of the next generation matrix are 0 (multiplicity 9),
and
+
Recall that the feed point will be stable
(T ¡1
G + fl
when the eigenvalues of the next generation matrix are less than one. In order for the
DFE to be stable it is required that (1 —vt ) < —
—v20\ and (1 —vt ) <
^ —v\02
Pi

P2

which is the same result that the eigenvalues of the Jacobian gave. This can be simplified
to 1 —vt < m in ( —----#1^2, —-----02v\ ). Figure 23 shows time series for the primary
\R i
R2
)
infectives for both serotypes. At t = 100 years, the vaccinations of v\ = v2 = .25 are
implemented. It can be seen that the number of infected cases decrease, however they do
not die out.
This system two boundary equilibrium where only one serotype will persist at a
time. They are ( < ^ ^ , 0 ,
* £ r U ,0 ,0 ,
- d

fc'IT+a)

+<7) ’
. o,
■°- "i ■s f e i r 2' °- °- °> HxwZXo)) ■where
= ^+^2Vi —v2, w2 = 1 + v20\ —vi —v2, y\ = P2vo\ —¡i — cr, and y2 = P\w2 —y —a. These fixed
point correlate to the boundary equilibrium of the system for partial vaccination against
one serotype.
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C on clu sion

Starting with a basic SIR compartmental model, we built a system of seven differential
equations to study the dynamics of a two serotype disease with ADE. Applying standard
methods along with asymptotics and numerical techniques, we analyzed the system and
found regions of stability for the steady state solutions. It was determined that the DFE
would be stable if the reproduction number, R q was less than one and unstable otherwise.
The endemic equilibrium was stable for 0 approximately less than 2.628855 and then went
through a Hopf bifurcation to oscillations and other behaviors. Analysis beyond the Hopf
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bifurcation could be studied for a future project.
The main purpose was to see how the dynamics of the system change when a vacci
nation strategy is implemented. If one hundred percent of the population was vaccinated
against one serotype, the system mimicked the basic SIR endemic model. If a percent
age of the population was vaccinated against one serotype, it was determined that this
strategy would not allow for the other serotype to die out. Finally, we considered if there
was partial vaccination against both serotypes and found a condition for the percentages
vaccinated to have both diseases die out. These methods and systems can be expanded
to diseases with more than two serotypes with ADE such as the four serotype dengue
disease, AIDS, and SARS.
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